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Abstract 

We study the highest weight and continuous tensor product represen- 
tations of q-deformed Lie algebras through the mappings of a manifold 
into a locally compact group. As an example the highest weight repre- 
sentation of the q-deformed algebra slg{2, C) is calculated in detail. 
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1 Introduction 



The structure and the representation theory of infinite-dimensional Lie algebras play 
important roles in mathematics and physics, especially in quantum field theory, and have 
been investigated for several decades by mathematicians and theoretical physicists. For 
instance, by generalizing Cartan's classification of simple Lie algebras, the Kac-Moody 
algebras can be built (by generators and relations) from a Cartan matrix, and possess a 
very rich representation theory. Among them is the class of affine Lie algebras, which can 
be realized as (untwisted or twisted) loop algebras, i.e., mappings from the circle S*^ into 
semisimple Lie algebras. For affine Lie algebras a large class of unitary highest weight 
representations can be classified, see e.g. 

Representations of q-deformed affine Lie algebras, so called quantum affine Lie alge- 
bras, have also been studied recently [2-4]. However the current algebra (also called gauge 
algebra) of the mappings from a manifold M, with dim(M) > 1, into Lie algebras are 
no longer Kac-Moody algebras (they do not possess a Cartan matrix). The motivation 
of this paper is to discuss the representation theory of such kind of q-deformed current 
algebras^. 

Let g he a. Lie algebra of a locally compact group G. The current algebra with respect 
to g is an algebra of mappings g^ = Map{X, g) from some manifold X into g. The 
representation of this current algebra can be obtained from the representation of the 
related current group which are defined to be group of mappings = Map{X, G) with 
its group structure provided by the pointwise multiplication law. For the representation of 
the current group, the continuous unitary representations in Hilbert space vr : G^ —>■ u{H) 
are of significance, where u{H) denotes the unitary operators on a real Hilbert space H. 
Such representations provide a natural and nontrivial non-commutative generalization of 
the theory of distributions on X[|l|. Moreover, they correspond to the representations of 
the current algebra by self-adjoint operators, via the exponential mapping. That is, the 
representations of current algebras can be obtained as the infinitesimal representations of 
current groups. 

One approach to obtain continuous unitary representations of current groups is to look 

^ we call them quantum current algebras, although the q-deformation and physical quantization are 
different in principle |^[^ 
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at the continuous tensor products of representations of G. Another approach is given by 
the highest weight representation theory|]l|. For the group G = SU{n, 1), and hence for 
the algebra g = su{n, 1), the connection between these two kinds of representations has 
been made by Torresani [0]. 

A difficuhy concerning the extension of these concepts and relations to the case of 
q-deformed Lie algebras and groups lies in that the representations of the q-deformed Lie 
algebra can not be obtained as infinitesimal representations of quantum groups, in fact, 
the exponential mappings of the q-deformed Lie algebra do not give rise, in general, to 
representations of quantum groups. It is however interesting to ask the question whether 
the quantum current algebras have also continuous tensor product representations. In 
this letter we investigate the construction of continuous tensor product representations 
and show that in a particular case the connection can be made between continuous tensor 
product representations and highest weight representations of quantum current algebras. 

2 The continuous tensor product representation of 
q-deformed current algebras 

Let A be a Lie algebra and Ag the q-deformed Lie algebra of A in the sense of 0^]. We 
denote by B the Borel subalgebra of Ag with an involutive antilinear antiautomorphism 
LV such that B + u.B = A. 

[Definition 1]. Let A be a complex character of B, and it : Ag End{V) be a 
representation of Ag such that there exists a vector z/a in V satisfying 

7r(6).i/A = A(6)z/A, n{uj.b)MA = V, e B . 

Then tt is called a highest weight representation of Ag with highest weight A. 

[Definition 2]. Let X be an m-dimensional manifold. The current algebra of A is 
defined to be the algebra of continuous mappings 

A^ = Map{X, A) 

from X to A. 

We define in Ag a topology as in 0] • 
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[Definition 3]. Let X be an m-dimensional manifold. Tlie quantum current algebra of 
Aq is defined to be the quantum algebra of continuous mappings 

Af = Map{X, Ag) 

from X to Aq. 

Let X be a topological space and let be a finite positive measure. We first investigate 
the continuous tensor product of quantum current algebras and connect it to the highest 
weight representations. Set 

Gt = {e'^la eAq}, t e IR 

oo 

where e*" is defined by e*" = —a". We call Gt the t-exponential elements obtained 
from Aq and the fixed parameter t & M. 

Set 

where e*°" is defined pointwise by e*°'{x) = e*''^^^\ Vx G X. We call Gf the t-exponential 
currents obtained from the quantum current algebra of Aq. We give Gt the topology 
induced by the one defined in Aq. 

Let {Ox}xex be an operator representation of Gt acting on some Hilbert space Kx, 

Ox-.Gt^ u(Kx) 

with u{Kx) the unitary operators in Kx- Let {bx}xex be an associated continuous 
measurable field of one-cocycles, 

bx : Gt^ Kx 

satisfying 

b.ig-g') = Ug) + OxigM) , g,g'e Gt (1) 

such that for all x in X, bx{Gt) is total in Kx- For an example of such a cocycle we refer 
to section 3. For all / in G^, we set 

rOx[f{x)W{x) (2) 

Kf)- rbx[f{x)W{x) (3) 
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K= / Kx{x)dpi{x) (4) 

with Kx{x) the x-copy of Kx- O is a hnear representation of Gt- The integrals have to 
be understood as direct integrals, see e.g. 

Let H be the Fock space over K. 

H = Exp[K] . 

By construction the coherent states 

oo T,^n 

Exp[k] = E — r ' ^ ^ ^ 

are total in Exp[K], see e.g. 0. The representation u = Exp[0] is then defined by the 
action on Exp[K], 

u{f).Exp[h] = e-ll^(^)"'/2-<^(^)'^'^(^)>Ea:p[0(/)./i + b{f)] , (5) 

where h ^ K. < , > denotes the scalar product in K inherited from the one defined in 
the Hilbert space K^, x E X, i.e. 

< k, k' >= / < k^, k'^ > dfi{x) , 'ik, k' e K . 
For 0" G we define a representation vr of cr in Exp[K] by 

where ft = e^" G . Note that the derivative exists since u is an algebraic representation 
and t ^ ft is also smooth by construction. 

[Proposition 1]. vr acts as follows on the coherent vectors: 
■K{a).Exp[h] = (^—i(j){a)— < h,i)„ >^ Exp[h] 

°°® n + 1 ~ ~ (7) 

+ E , [^(a)./i + z>.]0/i^", V/iGir, 

n=0 ^(^ + 1)' 

where 

^» = Gi?MK) (8) 



dt 



(9) 



i=0 



cr 



"^^(/ol eC' (10) 



dt 



t=o 



vr is a unitary representation of Gf on the Fock space H. Moreover, if /i is non-atomic, 
TT is irreducible. 

[Proof]. This is a direct consequence of definitions of (|^) and (P) using methods in 0. 



3 The case of the q-deformed current algebra s/g(2, C) 
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Now we take for Aq the quantum algebra Aq = slq{2, C), as an example. Let cq, /o and 
ho be the generators of the algebra A = s/(2, €), satisfying 

[/io,eo]=eo, [/io, /o] = -/o , [eo, /o] = 2/io • (H) 

Let e, / and /i be the corresponding elements of the quantum algebra slq{2, C) (for the 
study of this algebra see, e.g. 00) satisfying the commutation relations 

[h,e]=e, [hj] = -f, [ej] = [2h]q. (12) 

where [x]„ = — and q G -K\{0} is the deformation parameter. 

The following mapping is a deformation map from s/(2, C) to slq{2, C). 

e = / = /„i±^. ft = A„. (13) 

J -h J + h 

where j is the center of sl{2, C). It is straightforward to verify that e,f,h satisfy the 
slq{2, C) algebraic relations (|12D in terms of relations ( p|) 

Let eo{x), fo{x), Hq^x) be the generators of the current algebra sl{2, and e(x), 
f{x), h{x) the corresponding elements of the quantum current algebra slq{2, C)^ . Here 
and in the following x runs over X. 

[Proposition 2]. The deformation map from sl{2, to slq{2, C)^ is given by 

][x) — h[x) j[x) + h{x) 

(14) 

where j{x) is the center of sl{2, C)^ . 

[Proof]. The result is obvious from the map (|13[) and the fact that the current algebra is 
given the pointwise algebraic structure. Hence the deformation mapping A to Aq directly 
gives rise to the deformation mapping from A^ to A^ . m 



Therefore the map from a topological space X to can be obtained from the maps 
X to and A^ Af. 

Now let us take X = D with D the unit disk of the complex plane and consider the 
space K = Ll^^i{D,fi), L\^i being the space of square integrable holomorphic function on 

/i being the Riemannian volume fi{dx) = rdrdO, x = re*^, r G iR+, 9 G [0,27r]. The 
generators of sl{2, are 

eo(0 = ° ^ j , /o(0 = ° ° j , /^o(0 = ^ ^ J , e e Co°^(^) (15) 

with the center j — > j(0 = I j > cfr. [0]. 

From the map (|13|) we have the elements of slq{2, C)^, 

M. MO^f' M. (16) 

smh7 \ / smh7 \ lO/ ^ \ ) 

where 7 = log q is the deformation parameter. 
( a b\ 

For (? = G Gt, a, b,c,d & C^{D), the representation : G ^ u{K), x G -D, 

is defined by 0^{g) : f e K ^ 0^{g).f, 

mg).f]{z) = [-cz + a]-'f (Al±l.\ , y,^D. (17) 

\ —cz + a J 

The A'-valued one-cocycle is unique up to equivalence and is given by 

h{g)]{z) = -^^, WzeD. (18) 

For ft = e*'^, 0" = G s/g(2, C) , we have that the quantity (9) is given by 

\ 7 5 ; 



dt 



4 r b4ftix)]iz)dfiix)] (19) 



dt Jd 



D 



J t=Q 

'y{x)dfj.{x)\o{z) , z e D 



with Ao the unit function on D defined by \o{z) = 1. Correspondingly 0, occurring in 
(10), is here given by 

0(^) = ii^ift)] = I a{x)dfi{x) . (20) 



dt 



t=o 
7 



D 




Exp[K], 



K = Kd{x) dfi{x). Then vr is a highest weight representation of slq{2, C)^, and its 
highest weight is completely determined by the Riemannian volume ^ on D. 

[Proof]. We have only to check that vr admits a highest weight vector. Let Q = Exp[0], 
where is the zero element in K. From (|^), (|16D , ([19|) and (^) we have 



Therefore from the definition 1, is a highest weight vector for vr. The corresponding 
highest weight of the quantum current algebra slq{2, C)^ is completely determined by the 
fi measure on D. m 



become the ones of sl{2, C)^ (in the sense that the formal replacement of 7 by zero in 
yields the formulae in 0). Hence our representation is a q-extension of the representation 
of sl{2, obtained in §. 

Summarizing, we have discussed the representations of quantum current algebras de- 
fined by mappings from manifolds into quantum algebras. This is a continuous tensor 
product representation. It is shown that for the quantum current algebra slq{2, C)^, the 
continuous tensor product representation is also a highest weight representation. 

Remark: We have taken the Hilbert space to be real in this paper. Our construction 
can be extended to the case where the Hilbert space is complex, by changing the definition 
(^) by a factor corresponding to a nonvanishing 2-cocycle [|^ . 
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